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Abstract We study the quantum controlled and probabilistic teleportation
protocol via a four-cluster state (Front. Phys. (2017) 12: 120306). The protocol
cannot achieve the goal that if the teleportation fails, it can be repeated with-
out copies of the teleported state. And the reason is that all the information
of the teleported state shifts to the receiver’s particle after Bell measurement
and the information cannot shift back to the sender without other entangled
states. To realize the claimed goal, a new quantum controlled and probabilistic
teleportation protocol using the same four-cluster state is presented. Because
no information of the teleported stated is lost during the whole teleporta-
tion process, the teleportation process can be repeated until the teleportation
success.
Keywords controlled and probabilistic teleportation · tripartite scheme ·
without loss of information
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1 Review and Analysis of Ramı´rez’s controlled and probabilistic
teleportation protocol [1]
In [1], Ramı´rez et. al. proposed a quantum probabilistic teleportation of a
qubit. They claimed that if the teleportation fails, the teleportation process
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can be repeated without copies of the teleported state, provided that the three
participants Alice, Bob, and Chika share another pair of entangled qubits. The
detail teleportation process is described briefly as follows.
Suppose that an arbitrary single qubit state that Alice wishes to teleport
to Chika under the control of Bob is |ζ〉A = a|0〉+ b|1〉, where |a|2 + |b|2 = 1.
All participants share a quantum channel cluster state |ϕ〉1234 = α|0000〉 +
β|1010〉 + γ|0101〉 − η|1111〉 with |α|2 + |β|2 + |γ|2 + |η|2 = 1, where particle
1 belongs to Alice, 2 and 3 belong to Bob and 4 to Chika. Then the whole
system can be expressed as |φ〉A1234 = |ζ〉A|ϕ〉1234.
Step 1 Alice performs Bell measurement on her particles (A,1) and publishes
her results using a classical channel.
Step 2 If Bob agrees to assist Chika to recover the original state of the qubit
|ζ〉, he performs a Bell measurement on his particles (2, 3) and publishes
his measurement results.
Step 3 Consequently, Chika’s state collapses to the corresponding state as
shown in Table. 1 by omitting the global phase. For example, if Alice’s and
Bob’s BM results are |ψ+〉 and |φ−〉, respectively, Chika’s state collapses
to bα|0〉 + aη|1〉 . In order to make the state of qubit 4 be the form of
|ϕ〉4 = δ0a|0〉+δ1b|1〉, proper Pauli operators σI or σX are needed to apply
on the qubit 4. As the example above illustrates, a Pauli bit-flip operator
σX is applied to change the state of qubit 4 to |ϕ〉4 = aη|0〉+ bα|1〉.
Table 1 Alice and Bob’s BSM results and the corresponding result of Chika’s state
Chika’s state
Bob’s BM result
|φ+〉 |φ−〉 |ψ+〉 |ψ−〉
Alice’s |φ+〉 aα|0〉 − bη|1〉 aα|0〉+ bη|1〉 bβ|0〉+ aγ|1〉 bβ|0〉 − aγ|1〉
BM |φ−〉 aα|0〉+ bη|1〉 aα|0〉 − bη|1〉 bβ|0〉 − aγ|1〉 bβ|0〉+ aγ|1〉
result |ψ+〉 bα|0〉 − aη|1〉 bα|0〉+ aη|1〉 aβ|0〉+ bγ|1〉 aβ|0〉 − bγ|1〉
|ψ−〉 bα|0〉+ aη|1〉 bα|0〉 − aη|1〉 aβ|0〉 − bγ|1〉 aβ|0〉+ bγ|1〉
Step 4 Chika introduces an auxiliary qubit e with state |0〉e, then |ϕ〉4|0〉e =
δ0a|00〉4e+δ1b|10〉4e. Next, she performs a C-NOT operation on qubit pair
(4, e) to obtain
|ϕ′〉4e = δ0a|00〉4e + δ1b|11〉4e
= [(a|0〉+ b|1〉)4(δ0|0〉+ δ1|1〉)e + (a|0〉 − b|1〉)4(δ0|0〉 − δ1|1〉)e]/2
(1)
Step 5 Chika performs POVM on the auxiliary qubit e by using the following
operators
Λ1 =
1
%
|M1〉〈M1|, Λ2 = 1
%
|M2〉〈M2|, Λ3 = I − Λ1 − Λ2 (2)
where
M1 =
1√
ς
( 1
δ0
|0〉+ 1
δ1
|1〉
)
, M2 =
1√
ς
( 1
δ0
|0〉− 1
δ1
|1〉
)
and ς =
1
δ20
+
1
δ21
(3)
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I denotes an identity operator and % is a parameter which lies within 1 and
2 to make sure that Λ3 is a non-negative operator, i.e. 1 ≤ % ≤ 2. There
are three different POVM results of qubit e as follows.
(I) Λ1, with a probability of 〈ϕ′|Λ1|ϕ′〉 = 14%ς . The state of qubit 4 collapse
to the original state a|0〉+ b|1〉.
(II) Λ2, with a probability of 〈ϕ′|Λ2|ϕ′〉 = 14%ς . The state of qubit 4 collapse
to a|0〉−b|1〉, which is transformed to the original state by applying a Pauli
phase-flip operator σZ .
(III) Λ3, with a probability of 1− 12%ς . In this case, the scheme fails because
Chika has not enough information to identify the state of qubit e.
It’s clear that whatever results of Chika’s measurement are, once Alice per-
forms Bell measurement on qubit pair (A, 1), the states of Alice’s only qubit
pair (A, 1) are in mixed states {(p1, |φ+〉), (p1, |φ−〉), (p2, |ψ+〉), (p2, |ψ−〉)},
where p1 = (|aα|2 + |aγ|2 + |bβ|2 + |bη|2)/2 and p2 = (|bα|2 + |bγ|2 + |aβ|2 +
|aη|2)/2. The state can also be represented by the density matrix
ρA,1 = diag(p1, p1, p2, p2) (4)
which gives no information about the right state |ζ〉. Therefore, in this scheme,
it’s impossible for the state |ζ〉 to be shifted back to qubit A.
2 The proposed controlled and probabilistic teleportation protocol
In this section, a controlled and probabilistic teleportation scheme is proposed
to overcome the problem that if the teleportation process fails, the process
cannot be repeated without a copy of |ζ〉. In our protocol, we change the
decision maker, i.e. Alice’s measurement results decide whether Chika can
recover |ζ〉 instead of Chika himself. Here, the design idea of Roa’s probabilistic
teleportation without loss of information [2] is adopted. The teleported state
|ζ〉A, quantum channel |ϕ〉1234 and corresponding particles allocation are the
same as Ramı´rez’s scheme[1]. Without loss of generality, we can assume α and
β have the same phases with η and γ, respectively, and |α| ≤ |η|, |β| ≤ |γ|.
Next, the teleportation process is detailedly illustrated and briefly shown in
Fig. 1
Step 1 Suppose Bob agrees to assist Alice to teleport the state |ψ〉A, he
performs a Bell measurement on his particles 2 and 3, with the result that
the states of particle 1 and 4 collapse to partially entangled states shown in
Table. 2. Therefore, the |ϕ〉14 is either in the form of |τ1〉 = u|00〉+ v|11〉,
or in the form of |τ2〉 = u|01〉+ v|10〉.
Step 2 Bob tells Alice the results of his measurement using a classical
channel, and then Alice knows the collapsed quantum channel shared with
Chika. The state of the tripartite system (A, 1, 4) can be expressed as
|ζ〉A|τ1〉 =1
2
(|φˆ+〉A1|ζ〉4 + |φˆ−〉A1σ(4)Z |ζ〉4
+ |ψˆ+〉A1σ(4)X |ζ〉4 + |ψˆ−〉A1σ(4)X σ(4)Z |ζ〉4
) (5)
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Initial system
Alice (A,1,e)Bob (2,3) Chika (4)
Particles distribution
Bob performs 
Bell Measurement
Z-basis measurement 
on qubit e
Z-basis measurement on qubit A;
X-basis measurement on qubit 4.
Fig. 1 The teleportation process in the proposed protocol
Table 2 The BSM results on qubit 2 and 3 and their corresponding results
BSM23 |φ+〉 |φ−〉 |ψ+〉 |ψ−〉
Pri
1
2
[|α|2 + |η|2] 1
2
[|α|2 + |η|2] 1
2
[|β|2 + |γ|2] 1
2
[|β|2 + |γ|2]
|ϕ〉14 α|00〉−η|11〉√|α|2+|η|2
α|00〉+η|11〉√
|α|2+|η|2
β|01〉+γ|10〉√
|β|2+|γ|2
β|01〉−γ|10〉√
|β|2+|γ|2
|ϕ〉14: u α√|α|2+|η|2
α√
|α|2+|η|2
β√
|β|2+|γ|2
β√
|β|2+|γ|2
|ϕ〉14: v −η√|α|2+|η|2
η√
|α|2+|η|2
γ√
|β|2+|γ|2
−γ√
|β|2+|γ|2
nˆ
(√
1− u2
v2
, 0, u
v
)
Prsuc 2(|α|2 + |β|2)
Prfail |γ|2 + |η|2 − |α|2 − |β|2
or
|ζ〉A|τ2〉 =1
2
(|φˆ+〉A1σ(4)X |ζ〉4 + |φˆ−〉A1σ(4)X σ(4)Z |ζ〉4
+ |ψˆ+〉A1|ζ〉4 + |ψˆ−〉A1σ(4)Z |ζ〉4
) (6)
with |φˆ±〉 = u|00〉 ± v|11〉 and |ψˆ±〉 = v|01〉 ± u|10〉.
For simplicity, Eq. 5 and Eq. 6 can be rewrote as the following unified form
|ζ〉A|τ〉 = 1
2
(|φˆ+〉A1|ε1〉4 + |φˆ−〉A1|ε2〉4 + |ψˆ+〉A1|ε3〉4 + |ψˆ−〉A1|ε4〉4) (7)
where |ε1〉, |ε2〉, |ε3〉 and |ε4〉 ∈ {|ζ〉, σZ |ζ〉, σX |ζ〉, σXσZ |ζ〉}.
Step 3 In order to distinguish four successful teleportation cases |ε1〉, |ε2〉, |ε3〉
, |ε4〉 and a fail teleportation case, at least five orthogonal states that load-
ing at least three qubits are needed to be constructed. Therefore, besides
particles A and 1, another qubit should be introduced.
3.1) The C1A Controlled-NOT is applied onto the the bipartite system
1A, so the state (7) becomes
|Λ〉 = C1A|ζ〉A|τ〉14
=
1
2
[|0〉A(u|0〉+ v|1〉)1|ε1〉4 + |0〉A(u|0〉 − v|1〉)1|ε2〉4
+ |1〉A(u|0〉+ v|1〉)1|ε3〉4 + |1〉A(u|0〉 − v|1〉)1(−|ε4〉4)
] (8)
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3.2) Now an extra auxiliary qubit e is introduced with initial state
|0〉e. Then the controlled-CNOT gate CAe is applied on system Ae and we
obtain the following state
|Ω〉 = CAe|0〉e|Λ〉 = CAeC1A|0〉e|ζ〉A|τ〉14
=
1
2
[|0〉e|0〉A(u|0〉+ v|1〉)1|ε1〉4 + |0〉e|0〉A(u|0〉 − v|1〉)1|ε2〉4
+ |1〉e|1〉A(u|0〉+ v|1〉)1|ε3〉4 + |1〉e|1〉A(u|0〉 − v|1〉)1(−|ε4〉4)
] (9)
3.3)To orthogonalize the two nonorthogonal states u|0〉±v|1〉, a controlled-
U gate CUA1A is applied on the system 1A. Here, the UA is a rotation in a
pi/2 around the nˆ direction, specifically
UA = e
−ipi2 ei
pi
2 nˆσ
A
(10)
with nˆ =
(√
1− u2v2 , 0, uv
)
and σA = (σAx , σ
A
y , σ
A
z ). Another representation
of UA in matrix form is
UA =
 uv √1− (uv )2√
1− (uv )2 −uv
 (11)
Therefore, we can get the following state
|Γ 〉 = CUA1A |Ω〉 = CUA1A CAeC1A|0〉e|ζ〉A|τ〉14
=
u√
2
[|0〉e|0〉A(|+〉1|ε1〉4 + |−〉1|ε2〉4) + |1〉e|1〉A(|−〉1|ε3〉4 − |+〉1|ε4〉4)]
+
1
2
√
v2 − u2[|0〉e|1〉A|1〉1(|ε1〉4 − |ε2〉4) + |1〉e|0〉A|1〉1(|ε3〉4 + |ε4〉4)]
(12)
3.4)Finally, to reduce the times of measurements, a controlled-CNOT
CAe is applied on system Ae to get
|Υ 〉 = CAe|Γ 〉 = CAeCUA1A CAeC1A|0〉e|ζ〉A|τ〉14
=
u√
2
|0〉e
[|0〉A(|+〉1|ε1〉4 + |−〉)1|ε2〉4) + |1〉A(|−〉1|ε3〉4 − |+〉)1|ε4〉4)]
+
1
2
√
v2 − u2|1〉e
[|1〉A|1〉1(|ε1〉4 − |ε2〉4) + |0〉A|1〉1(|ε3〉4 + |ε4〉4)]
(13)
Notice that if |τ〉 = |τ1〉, we get
|ε1〉4 − |ε2〉4 = (I(4) − σ(4)Z )|ζ〉4 = 2b|1〉,
|ε3〉4 + |ε4〉4 = σ(4)X (I(4) + σ(4)Z )|ζ〉4 = 2a|1〉.
(14)
Then we have
|Υ1〉 = u√
2
|0〉e
[|0〉A(|+〉1|ε1〉4 + |−〉1|ε2〉4) + |1〉A(|−〉1|ε3〉4 − |+〉1|ε4〉4)]
+
√
v2 − u2|1〉e|ζ〉A|1〉1|1〉4
(15)
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Similarly, if |τ〉 = |τ2〉, we get
|ε1〉4 − |ε2〉4 = σ(4)X (I(4) − σ(4)Z )|ζ〉4 = 2b|0〉,
|ε3〉4 + |ε4〉4 = (I(4) + σ(4)Z )|ζ〉4 = 2a|0〉.
(16)
Then we have
|Υ2〉 = u√
2
|0〉e
[|0〉A(|+〉1|ε1〉4 + |−〉1|ε2〉4) + |1〉A(|−〉1|ε3〉4 − |+〉1|ε4〉4)]
+
√
v2 − u2|1〉e|ζ〉A|1〉1|0〉4
(17)
Step 4 After Alice makes a Z measurement on particle e, the following two
cases should be considered according to the measurement result.
4.1) The qubit e is projected onto |0〉e with probability
Prsuc =
∑
4× 1
2
|u|2 × Pri
=
|α|2
|α|2 + |η|2 [|α|
2 + |η|2]× 2 + |β|
2
|β|2 + |γ|2 [|β|
2 + |γ|2]× 2
= 2(|α|2 + |β|2).
(18)
In this case, Alice needs more measurements on qubits (A,1) in the Z-basis
and X-basis, respectively. The measurement results are able to unambigu-
ously discriminate which state of the qubit 4 is: |ζ〉4, σ(4)Z |ζ〉4, σ(4)X |ζ〉4, or
σ
(4)
X σ
(4)
Z |ζ〉4.
4.2)The qubit e is projected onto |1〉e with probability
Prfail = 1− Prsuc = 1− 2(|α|2 + |β|2) = |γ|2 + |η|2 − |α|2 − |β|2 (19)
and consequently, the unknown state |ζ〉A is recovered in qubit A. Thus for
the outcome |1〉e the teleportation fails, but Alice has the intact (un)known
state |ζ〉A again.
Therefore, when the teleportation fails, the whole process can be repeated if
the Alice, Bob, and Chika share another quantum channel |ϕ〉1234. Denote a
variable X be the number of tries required until the first successful telepor-
tation, i.e. X following geometric distribution, then the probability that the
kth(k ≥ 1) trial is the first success is
Pr(X = k) = (1− p)k−1p (20)
with p = Prsuc = 2(|α|2 + |β|2). Given a N , the probability that first N trials
would succeed is given by
Pr(X ≤ N) =
N∑
k=1
(1− p)k−1p = 1− (1− p)N (21)
Fig. 2 1(a) gives the variation of Pr(X ≤ N) as a function of p for different
values of N , and Figure 1(b) gives the variation of Pr(X ≤ N) as a function
of N for different values of p.
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Fig. 2 Total success probability(Eq. 21) of teleporting the unknown state as the func-
tion of p and N . (a)The considered N ’s are 2 (dashed), 10(dotted), 50(dashed-pentagram),
and 100(dashed-star). (b)The considered p’s are 0.1(circle), 0.2(dashed-dashed), 0.3(dashed-
times), 0.4(dashed-circle), and 0.5(dashed-star).
3 Conclusion
This Comment has pointed out that Ramı´rez’s scheme[1] can not realize re-
peatedly teleportation without another copy of |ζ〉 while teleportation process
fails. The main reason is that once Alice performs Bell measurement on her
only qubit pair (A, 1), all the information of |ζ〉 is shifted to Chika. To overcome
the problem, Alice performs several unitary operators and σZ measurements
instead of Bell measurements, and Alice measurement results decide whether
Chika can recover |ζ〉 or not. The analysis of our proposed protocol shows that
the |ζ〉 stays still in qubit A if the teleportation process fails, so the teleporta-
tion process can be repeated using another quantum channel |ϕ〉1234. Finally,
the simulation illustrates that the success probability of te leporting the un-
known state quickly approximates to 1 with the increasing of p when N is
large (N ≥ 50) or with the increasing of N when p is large (p ≥ 0.3).
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